For hypersonic propulsion conditions of interest, several mechanism reduction strategies have been developed by taking advantage of broad range of chemical time scales under high temperature conditions. The reduction methodologies include application of (i) principal component analysis based on sensitivity of ignition, flame propagation, extinction limits and partially-stirred reactor simulations to extract skeletal reaction models, (ii) quasisteady state approximation to obtain reduced reaction models, and (iii) rate-controlled constraint-equilibrium dimension reduction method to represent the chemistry using a reduced set of represented species. In addition, implementation of the in-situ adaptive tabulation approach to partially-stirred reactor simulations has been demonstrated for a set of selected mixing conditions relevant for turbulent reacting flows. In this paper, the above model reduction approaches have been applied to a newly optimized ethylene-air detailed kinetic model.
I. Introduction
The detailed chemical kinetic models that describe the pyrolytic decomposition of hydrocarbon fuels and subsequent oxidation of H 2 /CO/C 1 -C 4 fuel mixtures typically include over one hundred species in more than one thousand elementary reactions. Under high-temperature conditions, such as those found in combustors of hypersonic vehicles, it is well known that the hydrocarbon pyrolysis reactions are significantly faster than the oxidation of smaller intermediate species, e.g. ethylene.
1, 2 Furthermore, if the liquid phase hydrocarbon fuels are to be used for cooling critical components of hypersonic vehicles (e.g. leading edges, combustor walls, etc.), then the endothermic pyrolysis of the fuel molecule will lead to conversion of the fuel molecules to smaller fragments before entering the combustor. 3, 4 Considering these operational conditions and knowing that the detailed chemical kinetic models are too large to be implemented in multi-dimensional CFD simulations of reacting flow fields in hypersonic combustors, this paper describes several strategies implemented in improving the accuracy of the relevant fuel pyrolysis chemistry model, optimization of compiled detailed kinetic model, and subsequent reduction of the detailed kinetic model.
II. Detailed Chemical Kinetic Model and Optimization Procedure
The theoretical basis for pyrolytic decomposition of large hydrocarbon fuels to alkyl radicals and subsequent beta-bond scission/isomerization to small unsaturated fragments is fairly well known. 5 A key need is the quantitative assignment of actual rate constants at sufficiently high temperatures, with departures from thermal equilibrium requiring consideration of chemical activation. Under an AFOSR and BES/DOE program, we have carried out studies on the pyrolytic decomposition of hydrocarbon radicals up to eight carbon atoms. This represents a combination of single pulse shock tube studies and analysis of the experimental olefinic branching ratios, thus determining high-pressure rate expressions through the solution of the master equation and taking into account energy transfer effects. These results are being extended to derive pressure-dependent rate expressions under many combustion conditions, 1, 2 and are directly applicable to the high temperature regime encountered in hypersonic combined-cycle combustors.
The detailed chemistry models compiled with updated pyrolytic reaction pathways must simulate the combustion processes of interest in as much detail as possible. The model must include not only the best estimates for the reaction rate parameters, but also their uncertainties and then be subjected to a rigorous, multi-parameter optimization against a set of experimental measurements relevant to the combustion system of interest. The resulting model would therefore reproduce as best as possible the current state of knowledge for that particular combustion system.
II.A. Detailed Reaction Model
The detailed reaction model used herein is based on the JetSurF 2.0 high-temperature n-alkane oxidation model. 6 In order to reduce the computational complexity of the problem, only the H 2 /CO/C 1 -C 4 submodel is considered here, which consists of 110 species and 784 reactions. This is the same submodel that was used in a recent optimization study, 7 with a wide range of validation tests consisting of over 140 sets of global and detailed combustion data. 8 The model is untuned except for the H 2 /CO chemistry, which was the subject of a comprehensive optimization study conducted previously.
9 Furthermore, the H 2 /CO chemical rates have been reset to their nominal values. 7, 10 Uncertainty factors for the reaction rate parameters range from 1.2 for most of the well-known hydrogen branching reactions to factors of 2 or 4 for some less well-studied reactions.
7, 10

II.B. Optimization Procedure
The optimization of the model was conducted using the Method of Uncertainty Minimization using Polynomial Chaos Expansions (MUM-PCE). This methodology was previously developed in the context of constraining a detailed chemical model by a wide variety of combustion phenomena, including laminar flame speeds and ignition delay 7, 10, 11 as well as detailed species measurements in shock tube oxidation. 7, 12 As stated above, the chemical model and associated uncertainties must be first compiled. The model can then be thought of as occupying some multi-dimensional space, which includes all possible choices of chemical rate parameters which agree with the model's uncertainty estimates. The experimental measurements are then simulated in such a way that the variation of the model's predicted values is known throughout the rate parameter uncertainty space. Some choices of rate parameter values will produce predictions that do not agree with the experimental measurements, and the set of values that remain is called the feasible region.
13-15
This feasible region is characterized in MUM-PCE by a multivariate lognormal distribution, which is entirely described by its mean vector and covariance matrix, and are found by means of the rigorous, multi-parameter optimization. The model represented by the mean vector, which is at the center of the feasible region, is the model used here as the detailed or the starting model for reduction.
III. Skeletal Reaction Models
The newly optimized H 2 /CO/C 1 -C 4 starting chemical kinetic model described above consists of 110 species, including many C 5 -C 6 species and a related set of C 3 -C 4 species. Many of these species, e.g.
do not play any role in the oxidation of C 1 -C 4 hydrocarbon molecules of interest in hypersonic propulsion applications, especially under high temperature conditions. In the past, several analytical approaches have been developed to identify such non-contributing species and strip them from the detailed kinetic model. The resulting stripped-down chemical kinetic models are commonly identified as skeletal reaction models. The analytical approaches utilized in obtaining skeletal models include heat release flux analysis, 16 reaction flux analysis, 17 principal component analysis (PCA), 18, 19 and directed relation graph (DRG). 20 While each approach has its own strengths and weaknesses, in the recent past we have successfully implemented the principal component analysis based on sensitivities (PCAS) of ignition, propagation, and extinction phenomena, 19 and this approach is implemented here with extension to partially-stirred reactor simulations.
III.A. Reduction using Principal Component Analysis with Sensitivity (PCAS)
PCAS provides a rigorous approach 18 of identifying the dominant reactions and species in a chemical kinetic model under various temporal and spatial conditions as well as distinct combustion phenomena (i.e. ignition, propagation, and extinction) in a combined manner. As shown recently by Esposito and Chelliah, 19 the latter is critical for accurate simulation of hypersonic reacting flow regimes sensitive to finite-rate kinetics, such as flame holding and mode transitions. In particular, at critical flame holding conditions, the skeletal model must include the key reactions and species controlling both the ignition and the local extinction phenomena occurring at different spatial regions in the computational domain.
In the present implementation of PCA, the response function Q(P) is approximated by 18, 19 
where P is the normalized kinetic parameter vector (k = 1, ..., r) and S is a matrix made of a collection of sensitivity coefficient matrices s j stacked in a column, whose elements are defined as,
Here f i is any appropriate target function evaluated at a specific spatial or temporal location x j . By performing a spectral analysis of S T S it is possible to decompose q(P) as,
where λ k is the set of real eigenvalues sorted according to descending order, starting with the largest eigenvalue. The vector components Ψ = U T P are the original parameter vector transformed through normalized eigenvector matrix U and are called principal components. Since the eigenvectors are normalized, the values of λ k control the magnitude of q(P) and the eigenvectors define which parameters P are grouped together. Setting a thresholdλ on the eigenvalues defines which parameter groups related to all λ k >λ play the most important role in the response function. Moreover, another threshold (ū) on the values of eigenvector components u k corresponding to the λ k , discriminates influential reactions within every contributing mode.
III.A.1. Combined skeletal model based on ignition, propagation, and extinction
In applying PCAS, Eq. (1) can be derived based on a single phenomenon, i.e. ignition or extinction, or combination of several phenomena. This can be easily accomplished because of the generality of the definition of Q in Eq. (1). For example, a combined response function Q C (P) can be constructed as
where S can be related to sensitivity of any response function of any phenomena i. In the following sections, the errors associated with model reduction via PCAS based on the analysis of single phenomenon or combined phenomena are presented.
III.B. Application of PCAS
III.B.1. Premixed Ignition and Flame Propagation Analysis
In high-speed reacting flows with relatively long mixing time scales compared to the advection time scales, homogeneous ignition chemistry can describe the induction length or the location where intense reaction occur. For this reason, accurate prediction of homogeneous ignition phenomenon under various initial conditions (i.e. temperature, pressure, and equivalence ratios) and fuel-air mixtures have received considerable attention. In particular, considerable effort has been devoted to measurement of ignition delay times in shock tubes as well as temporal evolution of temperature and species, providing a valuable database for chemical kinetic model optimization. For example, Hong et al. 21 have proposed a new hydrogen kinetic model based on the ignition delay and speciation information. Burke et al. 22 have also used the same ignition database together with their high-pressure flow reactor database to develop a slightly modified hydrogen kinetic model. Finally, the MUM-PCE optimization approach described above has been used to optimize a H 2 /CO/C 1 -C 4 kinetic model that included the new experimental data by Hong et al., 21 and this new H 2 /CO/C 1 -C 4 kinetic model is used here to extract skeletal reaction models using the PCAS methodology.
For atmospheric pressure mixtures of ethylene and air with ϕ=0.5 to 1.5 and initial temperatures between 900 to 2000 K, Fig. 1 shows the L2-norm error in predicting ignition delay, defined by
as the number of species of the kinetic model is reduced from 110 species to 30 species. These results are consistent with the L2-norm errors reported in a recent paper by Esposito and Chelliah 19 that employed a previously optimized C 1 -C 4 model. 11 If PCAS reduction is performed based on sensitivities of ignition analysis only, then for species greater than 33 yields errors less than 1%. The traditional semi-log plot of ignition delay vs. inverse temperature show that predictions using such skeletal models are indistinguishable from the detailed model (not shown here for brevity). For a 30 species skeletal model, the error is estimated to be about 6%. More importantly, the errors associated with such skeletal models are generally well within the experimental uncertainties. Also shown in Fig. 1 are the errors associated with PCAS based skeletal models with combined sensitivities of ignition, propagation, and extinction. These results indicate that even smaller errors are possible for skeletal models with species over 37, but a sudden increase in the error to about 6% is observed as the number of species is reduced to below 37. Figure 2a shows a similar plot for L2 norm-error on flame propagation velocity, defined as
for ethylene-air mixtures of ϕ=0.5 to 1.5 with p=1 atm and T 0 =300 K, as the number of species is reduced using the PCAS approach. For propagation, the results show that the departure from the detailed model is less than 4% for a 36 species skeletal model, which is less than the experimental uncertainty. The skeletal model based on the combined sensitivity analysis show a similar trend as the reduction solely based on propagation analysis. A comparison of the predicted burning velocity of ethylene-air mixtures obtained using the detailed model and a 37 species combined skeletal model is shown on Fig. 2a indicating excellent agreement over a wide range of equivalence ratios. 
III.B.2. Non-premixed Extinction Analysis
Previous studies on supersonic non-premixed reacting shear layers have shown that apart from the induction phenomenon, local extinction plays a critical role in the overall reaction progress and thus the combustion efficiency. 23 Furthermore, reduced kinetic models derived solely from ignition or flame propagation fail to accurately predict the extinction limits, mainly because the premixed ignition and flame propagation data do not show any sensitivity to some of the fuel rich chemistry. 19 For example, a recent global sensitivity study on non-premixed ethylene-air extinction limits have shown that the reaction C 2 H 3 +H=H 2 CC+H 2 is sensitive for extinction but has a very low sensitivity ranking in either ignition or flame propagation. 24 Two key factors have contributed to excluding extinction from kinetic model optimizations, namely computational cost and lack of experimental data with well-defined uncertainties. We have addressed some of these shortcomings 25 and have applied the PCAS methodology based on sensitivity of extinction strain rate to extract skeletal reaction models using the updated H 2 /CO/C 1 -C 4 kinetic model. Figure 3a shows the corresponding error in predicting extinction limit, defined as
as the number of species in the skeletal model is reduced to 30. As shown before, 19 it is evident from Fig.  3a that the extinction limit is the most restrictive in terms of determining the size of the skeletal reaction model. A comparison of the peak flame temperature vs. local flow strain rate about the extinction point is shown in Fig. 3b indicates that the 37 species combined model departs from the detailed model by about 3%, again well within the uncertainty of recent experiments. 
III.B.3. Partially-Stirred Reactor Analysis
The above flame propagation and extinction predictions were based on laminar flows controlled by molecular mixing. However, real supersonic combustors are known to operate under intense turbulent mixing conditions. 23 For such reacting turbulent flows, the partially-stirred reactor (PaSR) configuration has been used in the past to better understand the coupling between chemical reactions and the mixing of species in a computationally efficient manner.
26, 27 Here, we have considered such a case and applied the PCAS approach to extract skeletal reaction models based on PaSR simulations with assumed mixing time scales. The specific conditions considered in the present PaSR simulations consist of mixing an incoming stream of fresh stoichiometric mixture of ethylene-air at T 0 =1200 K and p=1 atm with a pilot stream at equilibrium state (i.e. equilibrium temperature of 2724 K). The ratio of the mass flow rates of the two streams is specified to be 90% to 10%. At t=0, the reactor is specified to be composed of the unreacted stoichiometric mixture of ethylene and air at 1200 K and 1 atm. The residence time is specified to be 100 µsec, with mixing time of 10 µsec and pairing time of 10 µsec with 100 simulated particles, similar to those assumed by Hiremath et al. 28 The error estimate between the detailed model and the skeletal or reduced model, is defined as
where z r is the specific moles of represented (or transported) species. Here, [] rms is defined as Figure 4a indicates that a skeletal model with about 22 species can predict the induction process of a PaSR reactor with less than 5% departure from the detailed model. Unfortunately, no experiments exist for this hypothetical flow configuration to specify a cap on the error limit. Figure 4a also shows that the 37 species combined skeletal model (based on sensitivities of ignition, propagation, and extinction, but excluding PaSR sensitivities) derived using the PCAS approach is capable of predicting the PaSR evolution with an error of about 1%. Skeletal models with less than 22 species show a dramatic increase in predicted error of PaSR simulations indicating the removal critical species from the mechanism. Alternatively, evaluating the concentration of species about this threshold via QSSA or RCCE provides a mechanism to maintain a low PaSR error as discussed in next section.
IV. Reduced Reaction Models
In the above skeletal model reduction, the species not contributing to the overall reaction pathways were completely removed from the kinetic model. These reactions can be considered as either having negligible flux or being too slow (i.e. frozen) under all spatial and temporal conditions of interest. On the other hand, there are other reactions or group of reactions that are much faster than the physical or fluid dynamical time scales of the combustor which can be considered to be in partial equilibrium, but cannot be eliminated from the model. Such fast reactions are the source of stiffness in solving reacting flows. Methods of decoupling such fast reactions from fluid dynamical processes have been investigated over many decades, leading to further reduction of the size of the kinetic model as well as the stiffness. Such models are commonly identified as reduced reaction models. Here, we have considered two approaches of obtaining such reduced reaction models, namely (i) quasi steady-state approximation (QSSA) and (ii) rate-controlled constraint-equilibrium approximation (RCCE). 
IV.A. Quasi Steady State Approximation
The concept of deriving simplified chemical kinetic models based on the quasi-steady-state approximation (QSSA) for selected intermediate chemical species dates back to the early 1900's. While early investigations were motivated by the lack of chemical kinetic data, the recent efforts on mechanism reduction 29, 30 were driven by the computational difficulty associated with the implementation of rather large detailed chemical kinetic models in CFD simulations. Systematic development of reduced reaction models require identification of species in steady state under a broad range of conditions and expression of the fastest reaction rate in each steady state relationship in terms of the slower reactions. The latter step leads to a reduction of the stiffness of the kinetic model. An automated method of analyzing ignition, flame propagation, and flame extinction results and the development of reduced reaction by applying QSSA concepts were recently demonstrated by Zambon and Chelliah. 31 This approach was first applied to a detailed ethylene-air model proposed by Wang et al. 8 generating a series of reduced reaction models ranging from 15 to 18 species (plus 4 if chemical element conservations were not imposed in the computations) with both explicit or implicit solutions of algebraic relationships. This approach was later extended to a recently optimized ethylene model 11 yielding a 20 (plus 4) species reduced reaction model. Both sets of reduced models have successfully predicted the ignition, propagation, and extinction phenomena in good agreement with the base detailed model. However, as discussed in section II, the detailed models continue to evolve with availability of well defined experimental data. Furthermore, in the previous QSSA work, 31 PaSR results were not included in the analysis. Thus, QSSA based reduced reaction models have performed somewhat poorly, yielding about 7% reduction-tabulation error in PaSR simulations, 28 but computationally yielded much better performance in retrieving chemical source terms. Our near term objective is to apply the QSSA methodology to the newly optimized H 2 /CO/C 1 -C 4 detailed kinetic model used here and include PaSR analysis in addition to the standard ignition, propagation, and extinction analysis.
IV.B. Rate-Controlled Constraint-Equilibrium with ISAT
The RCCE concept is somewhat similar to the QSSA except that the, instead of assuming the nontransported to be steady-state, they assumed to be in a constraint chemical equilibrium state, which is determined by using the potential element method. Although the approach was first proposed by Keck and Gillepsie in 1971, 32 the lack of an efficient method of identifying the constraint relationships hindered the application of this methodology. However, recently a new efficient algorithm was developed using RCCE for minimization of the error of PaSR simulations as the number of represented species were reduced from the detailed model. 33 This algorithm was further improved recently by Hiremath et al. 28 who introduced a computationally efficient greedy algorithm with local improvement (GALI) that is used here. A comparison of the error of PaSR simulations with the computationally efficient insitu adaptive tabulation (ISAT) as a function of the number of represented (or transported) species in the RCCE simulations is shown in Fig. 5 . Note that in Fig. 5 , z reduced in Eq. (8) is replaced with z reduced−tabulation . The results clearly show that by retaining the information of species associated with fast reactions via RCCE minimizes the reductiontabulation error to about 5% with 20 represented species in the model. More importantly, the tabulation error is shown to be less than 1% with a drastic reduction in computational cost. 
V. Conclusions
A newly optimized H 2 /CO/C 1 -C 4 detailed chemical kinetic model involving 110 species in 784 reactions was employed to derive skeletal and reduced reaction models for the accurate simulation of ethylene and other smaller fuel molecule oxidation relevant for hypersonic propulsion applications. The model reductions were accomplished by applying PCAS, QSSA, and RCCE methodologies. Without applying QSSA or RCCE methodologies, model reductions via PCAS show that to achieve an error less than 5%, the skeletal model requires retaining 37 species for extinction, 35 species for propagation, 33 species for ignition, and 23 species for the PaSR case considered. It was also shown that with the application of QSSA or RCCE, errors less than 5% can be achieved with models consisting of about 20 species. Such models, coupled with efficient ISAT algorithms can drastically reduce the computational cost associated with evaluation of chemical source terms in high-speed turbulent reacting flow simulations.
